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The fracture of model porous particulate solids consisting of sand and low volume fractions of 
a polymeric binder has been investigated. In order to apply a linear elastic fracture mechanics 
analysis it was necessary to use an effective crack length comprising the sum of the notch 
depth and a quantity Aa. The behaviour of the model solids was intermediate between that 
exhibited by ceramics and polymers. A possible interpretation of Aa is that it represents a 
process zone size where the energy dissipation mechanism could involve either microcracking 
or yielding of the interparticle junctions in the zone. The former would correspond to ceramic- 
like behaviour while the latter is characteristic of polymers. 

1. Introduction 
There are a number of industries where the strength of 
relatively porous particulate solids is critical during 
manufacture. Typical products include metallic and 
ceramic green compacts [1], pharmaceutical tablets [2] 
and particulate granules [3]. Often in these technologi- 
cal fields, the strength is expressed in terms of a nomi- 
nal stress using, for example, diametric compression 
of a cylindrical specimen. Such an approach has many 
limitations, as in many other fields, it is more satis- 
factory to apply linear elastic fracture mechanics 
(LEFM) and in the current work such an approach 
was considered for a model particulate solid compris- 
ing sand and a polymeric binder polyvinylpyrro- 
lidone (PVP). However, difficulties were experienced 
which were analogous to those found in attempts to 
apply LEFM to dense particulate solids such as cement 
and finished ceramics where sample size effects 
[4], rising crack resistance curves [5] and differences 
between initiation and propagation values of the frac- 
ture surface energies [6] have been observed. 

The strength of materials is usually measured in 
plane strain because for this condition the fracture 
parameters are independent of the specimen size. To 
ensure that plane strain fracture occurs, the geometry 
of the specimen has to satisfy the following criteria [7] 

B, D/2 > 2.5(Kc/ay) 2 (1) 

where B is the specimen thickness and D is the depth 
(see Fig. 1), ay is the yield stress and Kc is the critical 
stress intensity factor. Experimentally Kc can be 
obtained from the fracture stress r of notched or 
pre-cracked specimens using the following equation 

& = Y~ra I/2 (2) 

where a is the notch depth and Y is a polynomial 

function of aiD which depends on the geometry and 
loading of the body [8]. 

The origin of the limits given by Expression 1 is that 
deviations from plane strain occur when the size of the 
plastic zone at the crack tip becomes comparable to 
the specimen dimensions. This leads to a significant 
component of stress relief at the specimen surfaces 
(plane stress in the limit) and the fracture parameters 
then become a function of sample size (e.g. [9]). 

The linear elastic Equation 2 is only applicable if the 
zone size is small compared with the crack length. For 
ductile materials Irwin [10] showed that it was possible 
to compensate for limited crack tip yielding by replac- 
ing the crack length by an effective length ~, thus 

a = a + Aa (3) 

where a was taken to extend to the centre of the plastic 
zone which has a radius Aa. The quantity Aa is given 
by 2 2 K~/~%. 

In the current work we consider how the Irwin 
approach can be adopted for the type of particulate 
solids of interest here. The exact interpretation of Aa 
for such materials is a matter of some conjecture but 
as in ductile materials it is a key parameter that pre- 
scribes the toughness. 

2. Experimental procedure 
The bars were prepared by mixing l 0 parts of a sieved 
fraction of angular sand with one part of an aqueous 
solution of PVP (ex. BDH). The fractions of sand 
investigated had mean particle diameters of 60, 230 
and 300 #m; in some cases mixtures of 60 and 300 #m 
sand were used in a 1 : 1 proportion. Two molecular 
weights of PVP, 4.4 x 104 and 7 x 105, were used with 
the concentrations of the aqueous solutions adjusted to 
give a weight fraction of PVP in the bars of either 1 or 
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Figure 1 Schematic diagram of the three-point bend configuration 
used to fracture the specimens where L is the length, B the thickness, 
D the depth and a the notch length. 

2%. The details of  each type of bar prepared are given 
in Table I. The mixture was transferred to a demount-  
able aluminium mould which could accommodate  a 
razor blade in the centre of  t h e  base such that a 
through-thickness notch would be formed in the bar, 
the height of  the blade could be adjusted to give 
different notch depths. The release of  a bar was assisted 
by previously spraying the inside of  the mould with a 
PTFE release agent and covering the base with a thin 
PET film. The bars were compressed to a uniform 
height using an Instron tensiometer (Model 6022); this 
height was varied in some experiments to obtain dif- 
ferent porosities. The nominal dimensions of  the bars 
were 110 (length L) x 21 (thickness B) x 14.8 - 
18.5 mm (depth D). The bars were dried in a vacuum 
oven at 90 ~ C for 1 h before being removed from the 
moulds. They were then dried for a further 30 min and 
stored in a desiccator. 

At ambient humidities the PVP becomes plasticized 
by absorbed moisture and at sufficiently high humidi- 
ties the bars become soft. To ensure that the PVP 
remained in the glassy state, the bars were sealed in 
plastic bags and placed in solid CO2 ice for 4 h prior to 
testing. The bars were then fractured on the Instron 
tensiometer using a conventional three-point bend 
configuration (see Fig. 1); the displacement velocity 
was fixed at ,1 mm rain- 1. Generally for each type of 
bar, two unnotched and seven notched (a/D < 0.4) 
were tested. 

3. Results and data analysis 
In addition to the stress intensity factors, the strain 
energy release rate Go was calculated for each specimen. 
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Figure 2 The stress intensity factors K c as a function of  a/D for set 
E calculated from Equation 2. 

This is related to Kc by the following expression 

Go = /s - v2)/E (4) 

where v is Poisson's ratio taken as 0.2 for these porous 
systems and E is Young's  modulus which was calcu- 
lated using the elastic beam equation. 

Each set exhibited a range of fracture stabilities 
depending on the notch size. Usually only the bars 
with the shortest notches were unstable. At higher 
notch lengths, unstable fracture with crack arrest 
occurred and at the highest notch lengths there was 
completely stable fracture. In each case the initiation 
value of the strain energy release rate Go{ was calculated 
from the following equation 

aci = gi/BD~ (5) 

where U~ is the energy to initiate fracture (taken at the 
point of  maximum force) and ~b is a calibration factor 
which is a function of aiD and LID [11]. For  the bars 
which exhibited stable or unstable fracture with crack 
arrest, the propagation value of the strain energy 
release rate Gcv was calculated from the total fracture 
energy Up as follows 

Gcp = U p / B ( D  -- a) (6) 

The trends in the data for all the types of  bars 
studied were similar. Initially we will consider in some 
detail the data from one of the types (coded set E). 
They comprised 60#m diameter sand particles and 
2% PVP of molecular weight 7 x 105. 

To illustrate the problems of applying a simple 
linear analysis, Fig. 2 shows a plot of  Kc as a function 

T A B LE  I Composit ions,  particle sizes (dp) and mechanical results where n represents the final iterated value 

Set dp (#m) PVP Conc. PVP Porosity E K ~n) G~ ) -c,G(~) --c0G(~ G~; ) (Gc)c~l~ Aa 
code M W  (% w/w) (GPa) ( M P a m  1!2) ( Jm -2) ( Jm 2) ( jm-Z)  (j m-2)  ( jm_2)  (mm) 

A 300 7 x 105 2.0 0.44 2.78 0.34 24.9 43.5 61.4 63.0 44.3 1.0 
B 300 7 x 105 2.0 0.54 0.12 0.01 1.2 1.8 3.7 3.8 1.1 0.7 
C 300 4.4 x 104 2.0 0.44 1.37 0.10 4.9 10.2 11.7 12.2 7.8 1.5 
D 230 7 x 105 1.0 0.43 1.57 0.16 15.3 23.0 30.5 31.0 17.4 0.7 
E 60 7 x 105 2.0 0.51 1.76 0.20 13.6 26.3 26.9 30.3 24.4 1.2 
F 60/300 7 x 105 1.0 0.44 3.00 0.20 7.8 15.6 19.49 21.1 13.8 1.1 
G 60/300 4.4 x 104 2.0 0.43 2.75 0.19 9.1 13.4 15.1 16.4 13.7 1.0 
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Figure 3 The initiation values of the strain energy release rate G~i as 
a function of aiD for set E; [] and �9 correspond to the values 
obtained from Equations 4 and 5 respectively. 

of  a/D calculated using Equation 2. The K~ values 
should be independent of  a/D but in fact they range 
from 0 . 1 2 M P a m  ~/2 at the lowest notch depth to 
0.17 MPa m U2 at the highest. The corresponding values 
of  the strain energy release rate Gc~ have similar trends 
as shown in Fig. 3 where the range is 10.9 to 
20.9 J m -2. The calculated values of  G~i from Equation 
4 also increase with a/D from 8.3 to 14.7 J m 2 and are 
less than the measured values (see Fig. 3). 

We wilt now consider how the introduction of  a 
notional crack length accounts for the apparent  non- 
linearities. This can be achieved by the use of  an 
iterative procedure either for the Ko or G~ values but 
the former is actually more sensitive. The first stage of  
the procedure involves plotting (o-Y) 2 as a function of 
1/a where Y = Y(a). This produces the curved line in 
Fig. 4. The initial slope of this curve is used to calculate 
a first estimate of  the Kr value (K~ ~ using Equation 2. 
Substitution of  K~ (~ into this equation with Y = 
1.12z~ ~/2, which is the value for a surface crack in a 
semi-infinite plate, and the value of  ~ s an unnotched 
bar enables a first estimate of  Aa to be obtained which 
is written as Aa (~ 

The second stage in the iteration is to plot (ay)2 as 
a function of 1/fi (~, which is given by (a + Aa(~ -~, 
with Y = Y(fi(~). At this stage the plot is linear and 
a more accurate value of the stress intensity factor, 
/Ql~, is obtained from the slope using Equation 2. The 
value of K~ ~ is then substituted into Equation 2 with 
Y = Y(Aa (~ and the fracture stress of  an unnotched 
specimen. This leads to a new value of Aa which is 
denoted Aa ~ This process is repeated until K{ ~+~ = 
K f  ~ which generally requires five to eight iterations. 
The series of  K~ values generated for set E is given in 
Table II  together with the Aa values. The final value 
of Ko obtained was 0.20 MPa m U2 with Aa = 1.2 ram. 

TABLE II The series of stress intensity factors and associated 
Aa values for set E obtained by iteration 

n 0 1 2 3 4 5 6 

K~"~(MPam t/2) 0.169 0.183 0.191 0.196 0.199 0.201 0.202 

Aa~")(mm) 0.770 0.936 1.040 1.107 1.156 1.180 1.201 
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Figure 4 Plots of (a y)2 as a function of 1/a (�9 1/~ (') (D) and l/fi (6) 
(e) for set E. 

It  is now possible to determine the influence of 
incorporating Aa into the computat ion of  the strain 
energy release rates. The crack initiation data will be 
considered first. According to Equation 5, there 
should be a linear relationship between Ui and BD 4) if 
Goi is a materials constant. Fig. 5 compares the appro- 
priate data for q~ = q~(a) and q5 = q~(l~(6)). I t  can be 
seen that the use of  Aa linearizes the data; the calculated 
value of  Goj f rom the slope is 27 .0Jm -2 

As might be expected, the effect of  using h instead 
of a to compute Gcp from Equation 6 is relatively 
small. Fig. 6 shows the appropriate plot of  Up as a 
function of  (D -- a) and (D - h(6~). In this case the 
value of Gcp is increased from 26.0 to 30.1 J m 2 

Finally for set E it is possible to compare the value 
of Gci obtained above with that calculated from the 
iterated value of  Kc using Equation 4. The elastic 
modulus measured for this set was 1.76 GPa and a 
Poisson's ratio of  0.2 was assumed for these relatively 
porous materials. The calculated value (Qi)ca~c is then 
24.4 J m -2 which is in reasonable agreement with the 
value of  27 .0Jm -2 obtained from the initiation 
energies. 

The data for all the sets is given in Table I. The 
mean values of  the propagation strain energy release 
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Figure 5 The initiation fracture energy U i for set E as a function of 
BD~ where for �9 ~b = ~b(a) and for [] q~ = ~b(fi(6)). 
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Figure 6 The propagation fracture energy Up for set E as a function 
of  B (D  - a) or B (D - fi~6)) which correspond to the symbols �9 
and [] respectively. 

rates (;(0) are generally about a factor of two higher - - c p  

(7,(0~ The than the corresponding initiation values _o~. 
iteration procedure leads to a much closer agreement 
between these two quantities. The strain energy release 
r a t e s  (Gc)calc calculated from K~ ~ are equal within 
experimental error to the G~I '~ values. This shows the 
internal consistency of the procedure for the calcu- 
lations based on forces or energy. 

The Aa values are all of  the order of 1 mm and do 
not appear to be related to the composition-porosity 
of the bars unlike the other parameters. The magni- 
tudes of  E, Kc and Go are very sensitive to porosity as 
is well established for materials of this type (e.g. [12]). 
The bars all become stiffer or stronger as the concen- 
tration or molecular weights of the binder are 
increased. The effect of  molecular weight is consistent 
with the rapid increase in toughness with molecular 
weight above a value of about 10 5 [13]. The bars 
containing a mixture of  particle sizes are also stiffer 
and stronger than those from a single sieve fraction 
even though they were fabricated to have similar 
porosities. Generally, a wide particle size distribution 
increases the strength due to a reduction in porosity. 

4. Discussion 
It appears that the use of the quantity Aa allows 
LEFM to be applied to the type of porous particulate 
solids studied in the current work. Hence we will 
consider the interpretation of  this quantity on the 
basis of previous fracture studies of particulate solids. 

The simplest interpretation is that Aa represents a 
natural flaw size which is characteristic of the material. 
This interpretation was advocated by Birchall et al. 
[14] who measured the flexural strength of Portland 
cement paste as a function of  notch size. It was found 
that the strength became independent of the notch size 
at about 1 mm which is similar to the values of  Aa 
reported here. No attempt was made in this work to 
determine if the conditions for a linear analysis were 
applicable. 

I fAa is a flaw size, it is difficult to envisage what this 
represents structurally since analytically it is obtained 

as the equivalent of a through-thickness notch. The 
composition-porosity range investigated has been suffi- 
cient to produce a greater than an order of magnitude 
change in the fracture parameters while the Aa values 
obtained were relatively insensitive and do not corre- 
late with these changes. The load bearing elements in 
the bars are at the interparticle junctions formed by 
the polymer. It might be expected that Aa would corre- 
spond to some mean depth of junctions below the 
specimen surface that would be characterized by a 
relatively constant and small number of particle dia- 
meters rather than the wide range (2 to 17) observed. 

An alternative to treating ZXa as a pre-existing flaw 
is to consider the possibility of sub-critical crack 
growth which would produce a similar result. The 
conditions are very favourable for such an effect since 
there will be high stress concentrations at the interpar- 
ticle junctions. In addition, sub-critical crack growth 
in ceramics has been widely reported (e.g. [15]). How- 
ever, this is unlikely to be the case here since the crack 
extension would be a function of a/D and there would 
be a significant deviation of the load-deflection curves 
from a linear elastic response [15]; these conditions do 
not correspond to those observed in the current work. 

Sub-critical crack growth would produce the same 
effect as that observed with pre-cracked ceramic speci- 
mens where it has been found that there is an increas- 
ing crack resistance curve [16]; that is Kc~ increases 
with crack length as in the present work. However, 
this effect was not observed for notched specimens. It 
has been shown that the data for ceramics could be 
explained in terms of frictional stresses developed at 
the rear of  the crack tip [17]. In this case it has been 
found that constant R curves can be obtained by 
introducing negative values of Aa to obtain the 
effective crack size [18]. This is the converse of what is 
found here. It might also be added that these frictional 
constraints are associated with Gcp/Gci ratios being less 
than unity [19] which again is not in accordance with 
the present results. 

Finally, we need to consider the possibility of  Aa 
representing a process zone ahead of the crack tip. A 
special type of zone has been postulated for hardened 
cement paste which involves fibres stabilizing the 
crack front [4]. This was analysed using an analogy to 
the Dugdale model [20] and was thought to account for 
the fracture mechanics parameters being a function of  
specimen size. However, a more appropriate process 
zone for the current materials might be of the type 
envisaged for ceramics. 

A process zone in a particulate solid can be defined 
as a volume of material where microcracking precedes 
the main crack front. This can have the effect of 
increasing the fracture energy by crack branching [21]. 
The origin of microcracking in ceramics is thought to 
be due to the high internal stress concentrations which 
developed during cooling [12]. Similar stresses would 
be generated in the present system due to the drying of  
the binder. 

Measurements on ceramics have shown that gener- 
ally the elastic modulus is proportional to the fracture 
energy (equal to G~/2) [22] except for cases where 
microcracking increases the toughness and hence the 
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T A B L E I I I Typical mechanical data for ceramics, polymers 
and the sand-PVP material studied in the present work 

Material K c ( M P a m  t/z) G c ( Jm -2) E (GPa) Gc/E (m) 

Ceramics 4 40 350 1 • 10 -~~ 
Polymers 4 4000 2 2 • 10 -6 
Sand-PVP 0.2 20 2 1 • 10 8 

ratio Gc/E which can be regarded as some critical 
displacement (see later). The materials studied in the 
present work can be regarded as being intermediate 
between ceramics and polymers so that it is of interest 
to compare the mechanical properties. Typical values 
are given in Table III which suggests that indeed the 
critical displacement in the process zone is intermediate 
between the component materials of the sand-PVP 
bars. However, plastic zone sizes in polymers of about 
1 mm are not uncommon. In the sand-PVP bars any 
displacement is confined to the junctions since the 
sand is relatively rigid. It is therefore not unreasonable 
to have a process zone size comparable to polymers 
but with the displacement involved being very much 
smaller. 

The actual values of the ratio G~/E are given in 
Table IV. The values for sets A, B, D and E are very 
similar; these correspond to those sets with monosize 
particles and the PVP binder with an MW of 7 x 10 5. 
Set C shows a lower Go/E ratio which presumably 
corresponds to the much lower energies required to 
fracture junctions formed from the lower molecular 
weight brittle binder. The mixed particle size sets F 
and G appear to have characteristically lower Q/E 
ratios. 

The magnitude of the ratios G~/E are related to the 
crack opening displacement 6 by the following rela- 
tionship 

6 = G~/2E (7) 

where 2 is the yield strain which is typically 0.1 for 
polymers. This would produce 6 values of the order of 
0.1 #m which is extremely small if Aa represents a 
plastic zone analogous to that formed in polymers. 

5. Conclusions 
For porous particulate solids comprising of sand and 
a low phase volume of a polymeric binder it has been 
shown that a LEFM analysis can be applied if an 
effective crack length is used in a similar way to that 
widely applied to ductile materials having a limited 
plastic zone. The effective crack length is given by the 
sum of the notch depth a and a quantity Aa. This 
quantity is not sensitive to composition or porosity 
unlike the stiffness and fracture parameters. If  Aa 

T A B L E  IV The ratios of  Gr for the sand-PVP specimens 

Set A B C D E F G 

Gc/E (10 -8 m) 1.56 1.50 0.74 1.47 1.49 0.52 0.48 

represented a natural flaw size it might be expected 
that it would have some dependence. 

The behaviour of the materials studied here do not 
appear to be analogous to dense particulate solids 
such as ceramics or cement. The application of LEFM 
to these materials poses special problems which have 
not been observed in the present work. A possible 
interpretation of Aa is that it corresponds to a process 
zone ahead of the crack tip. The critical displacement 
in this zone is intermediate between ceramics and 
polymers. In the former, the process zone is a region 
where microcracking occurs while in polymers the 
plastic zone is associated with ductile yielding. It is 
possible for the present materials that energy is dissi- 
pated by either/or a mixture of such processes. 
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